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O . Abstract 

(D 

We first construct a derived equivalence between a small crepant res- 
olution of an affine toric Calabi-Yau 3-fold and a certain quiver with 
a superpotential. Under this derived equivalence we establish a wall- 
crossing formula for the generating function of the counting invariants of 

O perverse coherent sheaves. As an application we provide some equations 
, on Donaldson- Thomas, Pandeharipande- Thomas and Szendroi's invari- 

■ ants. Finally, we show that moduli spaces associated with a quiver given 

by successive mutations are realized as the moduli spaces associated the 
original quiver by changing the stability conditions. 



Introduction 

I This is a subsequent paper of |NNj . We study variants of Donaldson- Thomas 

■ (DT in short) invariants on small crepant resolutions of affine toric Calabi-Yau 
I varieties. 

0^ ■ The original Donaldson-Thomas invariants of a Calabi-Yau 3-fold Y are 

I defined by virtual counting of moduli spaces of ideal sheaves Jz of 1-dimensional 

■ closed subschemes Z C Y ( [ThoOO ] . [Beh]). These are conjecturally equivalent to 
I Gromov-Witten invariants after normalizing the contribution of 0-dimensional 

sheaves ([MNOPOS]). 

A variant has been introduced Pandharipande and Thomas (PT in short) 
as virtual counting of moduli spaces of stable coherent systems ( |PTa| V They 
conjectured these invariants also coincide with DT invariants after suitable nor- 
malization and mentioned that the coincidence should be recognized as a wall- 
crossing phenomenon. Here, a coherent system is a pair of a coherent sheaf and 
a morphism to it from the structure sheaf, which is first introduced by Le Potier 
in his study on moduli problems ([LP93 ). Note that an ideal sheaf is the 
kernel of the canonical surjections from the structure sheaf Oy to the structure 
sheaf Oz- So in this sense DT invariants also count coherent systems. 

On the other hand, a variety sometimes has a derived equivalence with a non- 
commutative algebra. A typical example is a noncommutative crepant resolution 
of a Calabi-Yau 3-fold introduced by Michel Van den Bergh ( |VdB04j . [VdB] ). 
In the case of |VdB04| . the Abelian category of modules of the noncommuta- 
tive crepant resolution corresponds to the Abelian category of perverse coherent 
sheaves in the sense of Tom Bridgeland f [Bri02| ). Recently, Balazs Szendroi pro- 
posed to study counting invariants of ideals of such noncommutative algebras 
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f [Sze| V He call these invariants noncommutative Donaldson- Thomas (NCDT in 
short) invariants. He originally studied on the conifold, but his definition works 
in more general settings ( |Youb| . [MR]). 

Inspired by his work, Hiraku Nakajima and the author introduced perverse 
coherent systems (pairs of a perverse coherent sheaf and a morphism to it from 
the structure sheaf) and study their moduli spaces and counting invariants 
( [NNj ) . This attempt seems successful since 

• we can describe explicitly a space of stability parameters with a chamber 
structure, and 

• at certain chambers, the moduli spaces in DT, PT and NCDT theory are 
recovered. 

Moreover, in the conifold case, we established the wall-crossing formula for 
the generating functions of counting invariants of perverse coherent systems 
and provide some equations on DT, PT and NCDT invariants. The chamber 
structure and the wall-crossing formula formally look very similar to the counter 
parts for moduli spaces of perverse coherent sheaves on the blow-up of a complex 
surface studied earlier by Nakajima and Yoshioka [N Ya[ [NYb] . 

The purpose of this paper is to show the wall-crossing formula (Theorem 
I2.18P for general small crepant resolutions of toric Calabi-Yau 3-folds. Here 
we say a crepant resolutions of affine toric Calabi-Yau 3-fold is small when the 
dimensions of the fibers are less than 2. In such cases, the lattice polygon in 

corresponding to the afhne toric Calabi-Yau 3-fold does not have any lattice 
points in its interior. Such lattice polygons are classified up to equivalence into 
the following two cases: 

• trapezoids with heights 1, or 

• the right isosceles triangle with with length 2 isosceles edges. 

In this paper we study the first case. Our argument works for the second case 
as well. 

In SJTJ we construct derived equivalences between small crepant resolutions 
of affine toric Calabi-Yau 3-folds and certain quivers with superpotentials. In 
m.ll using toric geometry, we construct tilting vector bundles given by Van den 
Bergh ( [VdB04j ) explicitly. Then, we review Ishii and Ueda's construction of 
crepant resolutions as moduli spaces of representations of certain quivers with 
superpotentials ( |IUj ) in m.2\ In i il.3l we show the tautological vector bundles 
on the moduli spaces coincide with the tilting bundles given in ijl.ll Using such 
moduli theoretic description, we calculate the endomorphism algebras of the 
tilting bundles in m.4l 

The argument in Sj^is basically parallel to [NNj. In our case, the fiber on 
the origin of the affine toric variety is the type A configuration of (—1,-1)- 
or (0, — 2)-curves. A wall in the space of stability parameters is a hypersurface 
which is perpendicular to a root vector of the root system of type A. Stability 
parameters in chambers adjacent to the wall corresponding to the imaginary root 
realize DT theory and PT theory ( |NN[ §2]). Note that the story is completely 
parallel to that of type A quiver varieties (of rank 1), which are the moduli spaces 
of framed representations of type A preprojective algebras ( |Nak94] . [Nak98| . 
[NakOlj ). Quiver varieties associated with a stability parameter in a chamber 
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adjacent to the imaginary wall realize Hilbert schemes of points on the minimal 
resolution of the Kleinian singularitie of type A, whose exceptional fiber is the 
type A configurations of (— 2)-curves ( |Nak99| . |Kuz| ). 

Our main result is the wall-crossing formula for the generating functions of 
the Euler characteristics of the moduli spaces (Theorem l2.18p . The contribution 
of a wall depends on the information of self-extensions of stable objects on the 
wall. Note that in the conifold case ( |NN| ) every wall has a single stable object 
on it and every stable object has a trivial self-extension. Computations of self- 
extensions are done in §2.61 

Note that the sets of torus fixed points on the moduli spaces in DT, PT and 
NCDT theory are isolated, and we can show that DT, PT and NCDT invariants 
coincide with the Euler characteristics of the moduli spaces. In particular, the 
wall-crossing formula provides a product expansion formula of the generating 
functions of PT invariants. The indices in this formula are nothing but the BPS 
state counts Ug^p ( |GV| . |HST01j . |Tod| ) in the sense of Pandeharipande-Thomas 
( [PTa|, §3]). Although an algorithm to extract Gopakumar-Vafa invariants of 
our toric Calabi-Yau 3-folds from the topological vertex expression is known 
( [IKPj 0), the explicit formula in this paper is new as far as the author knows. 

In ^ we provide alternative descriptions of the moduli spaces. Given a 
quiver with a superpotential A = {Q,uj), we can mutate it at a vertex k to 
provide a new quiver with a superpotential ^ik{A) = (nkiQ), ^J,ki^))- For a 
generic stability parameter C, we can associate a sequence ki, . . . kr of vertices 
and the moduli space of C-stable ^-modules is isomorphic to the moduli space 
of cyclic modules over the quiver with the potetial fi^,. o • • • o ^kiiA). As an 
application, we show that for a stability parameter "between DT and NCDT" 
the set of torus fixed points on the moduli space is isolated. 

As in [NN| . our formula does not cover the wall corresponding to the DT- 
PT conjecture. We can provide the wall-crossing formula for this wall applying 
Joyce's formula ( | Joy| ) □■ In 21 we make some observations on how the virtual 
counting version of the wall-crossing formula would be induced from the per- 
spective of the recent work of Kontsevich and Soibelman ( [KSj ). In fact, the 
wall-crossing formula (and hence the invariants) coincides with the Euler char- 
acteristic version up to sign. The author learned from Tom Bridgeland that he 
and Balazs Szendroi reproved the Young's product formula ( [Youa] ) for NCDT 
invariants of the conifold. Their idea looks quite similar to our observation. 
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1 Derived equivalences 
1.1 tilting generators 

Let iVo > and TVi > be integers such that A^o > and set N = Nq + Ni. 
We set 

/ = {!,.. .,Ar-i}, 

/ = {0,1,...,7V-1}, 
Z = ■ln + - n€Zl 



For I e Z and j e Z, let Z e / and j e J be the elements such that I— I = j—j = 
modulo A^. 

We denote by F the quadrilateral (or the triangle in the cases A^i = 0) in 
M2 = {{x,y)} with vertices (0,0), (0,1), (A^o,0) and (Ari,l). Let ~ be 
the lattice with basis {a;^,t/^, 2;^}, and we identify the plane 

{{x,y,l)}cM^ :=M^0IR 

with the one where the quadrilateral F is. Let M be the dual lattice of M^. 
We denote the cone of F in Mg by A and consider the semigroup 

5a = A"^ n M := {u e M I (u, > (V-y e A)}. 

Let R = Rr ■= C[5a] be the group algebra and X = Xr := Spcc(i?r) the 
3-dimcnsional affinc toric Calabi-Yau variety corresponding to A. 

Let {x, y,z} C M be the dual basis. The semigroup is generated by 



X 
Y 
Z 
W 



X, (1) 

-x-{NQ-N^)y + Noz, (2) 

y, (3) 

-y + z, (4) 



and they have a unique relation X + Y ^ NqZ + NiW. So we have 
Rc:iC[X,Y,Z,W]/{XY - Z^°W^^). 

A partition cr of F is a pair of functions ct^ : / ^ Z and cr^ : / — > {0, 1} such 

that 

• a{i) {(Tx{i),(Ty{i)) gives a permutation of the set 
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• if i < j and cry(i) = <Jy{j) then ax{i) > cr-xij)- 

Giving a partition cr of F is equivalent dividing V into A^-tuples of triangles 
{Tiljgj with area 1/2 so that Ti has {ax{i) ± l/2,(Tj,(i)) as its vertices. Let To- 
be the corresponding diagram, Ao- be the fun and f„:Ya—tXhe the crepant 
resolution of X. 

We denote by De^^^ (e = 0, 1 and < fc < iV^) the divisor of 1^ corresponding 
to the lattice point {x,e) in the diagram T„. Note that any torus equivariant 
divisor is described as a linear combination of D^^x^s. For a torus equivariant 
divisor D let D{e,x) denote its coefficient of D^^x- The support function ij^o of 
D is the piecewise linear function on | Ao-| such that ^jjoUx, e, 1)) = —D{e, x) and 
such that ipu is linear on each cone of . We sometimes denote the restriction 
of ipD on the plane {z = 1} by ipD as well. 

Definition 1.1. For i £ I and k £ I we define effective divisors Ef^ and 
by 



e: 



E 



D 



k 2 



i = Cra;(i)+5 



F,: 



3=0 



E 



Example 1.2. Let us consider as an example the case Nq ~ A, Ni ~ 2 and 
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:>0 



:,1 



::0 



1 



,1 



1 



:>0 



We show the corresponding diagram in Figure[^ The divisors are given as 
follows: 



Et 

2 

Et 

2 

Et 

2 

Et 

2 

Et 

2 

:= 





1 

1 






1 



1 





111 

1 1 





1111 



Ft 



Ft := 



F^ 



Ft 



Ft 





1 

1 

1 

1 

1 2 



1 
1 



2 3 



1 

1 

1 2 

12 3 



3 4 



Here the {s,x)-th matrix element represent the coefficient of the divisor D^ x 



Lemma 1.3. (1) Oy, [Ft + Ef) ~ Oy 
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Figure 1: Tg- 



(2) OyAF+)^OyAF^). 
Proof. We have 

'4'e+ + E7 



y-z (cr^(i) = 0), 
-y i<7x{i) = 1), 



so the equation (1) follows. Now, for the equation (2) it is enough to show that 
the deviser 

" 2 



gives the trivial bundle. In fact, we have ipp^ ~ 

We denote the line bundle Oy„(F+) ~ OyAFk) Lfc. We set 

k=l 

Example 1.4. In the case Examvle M.'A 

F+ - 



□ 



fc=i 



1 5 

2 5 10 



Lemma 1.5. For i Cz I we have 



1 



F+ f7yW,a,(z) + - -F+ ^7,(^),a,(^)-- 



=F+ + + + -F+ + 1), fT,(i + 1) - ^ 

Proof. First, note that 



So we have 



{k<i), 

1 (fc>i), 



and so 

1 

Thus the claim follows. 



F+ [ay{i),aAi) + 



-F+ [<Ty{^),'yA^)-^^ =N-i-^. 



□ 
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Proposition 1.6. The line bundles L is generated by its global sections. 

Proof. It is enough to prove that the support function 'ijjp+ is upper convex 
( [Ful931 §3.4]). It is enough to prove that ipp+ is upper convex on Tj^_i n i 
for any k G I. We denote the edge which is the intersection of Tj._ i and Tf^^i 
by Ik. The configurations of Ik, T^-i and T^_|_i are classified into the following 
two cases: 

(1) The union of Tf._i and T^+i is a parallelogram and Ik is its diagonal. In 
this case, the point {<7x{k + i) + i, crj,(fc + i)) is the intersection of Ik and 
Ik-i, the point {(Jx{k ~ 5) + (^y{k — ^)) is the other end of lk-\- 

(2) The union of and T^+i is a triangle and Ik is its median line. In 
this case, the point [cTxi^ + |) + ^,ay{k + i)) is the middle point and 

<^'Ak - I) ^ CTxik + ^) + 1, <7y{k - i) (Ty{k + i). 

In both cases it follows from Lemma 11.51 that '4'f+ is upper convex on T'j,_i H 

Tk+i- 

Given a divisor D the space of global sections of the line bundle Oy„ [D] is 
described as follows: 

H\Y„,OyAD))- C-e„, 

uesliD) 

where 

Sl{D) :={iie A/| {u,v)>i;D{v) (Vz; G |A|)}. 
For u £ M we define 

Zd{u) -.^{ve |A| I {u,v) >^d{v)}. 

Then the cohomology of the line bundle Oy (D) is given as follows ( [Ful93| 
§3.5]): 

H\Y^,OyAD)) ^ i/^-(|A|, \A\\ZDiu);C). 

We have the exact sequence of relative cohomologies 

- i/"(|A|,|A|\ZcH) ^ i?0(|A|) ^ i/0(|A|\Zz,(u)) 
^ H\\/^1\/^\\Zd{u)) ^ ffi(|A|) 

Note that -ff°(|A|) = C, iJ^I^I) = and if |A|\Z£,(u) is not empty then 
does not vanish. We define 

Z°d{u) :- {v e |A| n {z = 1} I {u,v) < ^Joiv)}, 

then |A|\Z£)(u) is homeomorphic to Z^{u) x K. 

Now, in our situation it follows from the convexity of i/'-f that the number 
of connected components of Z^p{u) is at most 2. Let us denote 

S\{—F) := {u e Af I Z°_p{u) has two connected components}. 
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Then we have 

H\Y,,OyA-F))^ C-fu (5) 
and the i?-niodule structure is given by 



fu 



iu + u' iSii-F)) 



for u e S^{~F) and u' e Sa- 

For i £ I, let tpGM the element such that (t^, *) = ^/i-j? on the triangle 
Ti. Note that e 5'X(--F) for i G { |, . . . , TV - |}. 

Proposition 1.7. T/ie set |/t5_, |iG{|,...,Af — |}|jsa set of generators of 
H^{Y^,OyA-F)) as an R-module. 

Proof. It is enough to check that for any u & S\ {—F) there exist is{|,...,iV— |} 
and u' G and such that w = + u' . For e £ {0, 1} we put 

rrie := ^^ax {{u, {j,e, 1)) - F{e,j)) > 0. 

Let u' G S'a be the element such that (u', (x, e, 1)) = to^ for any x and e. 
Note that Z^p{u) has two connected components, Z'^p{u) C Z'^p{u — u') and 
there exist x^s such that (m — m', (a;e,e, 1)) — F{e,j) = 0. Thus — u') 

also has two connected components, that is, u — u' G S]^{—F). The function 
^-F — {u — w', *) is upper convex and does not take negative values on F. So if 
for some a^^'s we have F{e,j) — (u — u' , {xe,s, 1)) = 0, then {xo,0) and {xi, 1) 
should be the end points of some edge in F^. Since u — u' £ F), {yo,yi) 

can not be neither (0,0) nor {No,Ni). So (0,yo) and is the end points 

of an edge Ik for some k G I. By Lemma ITTSl ip^F coincides with {u — u', *) on 
either Tk or Tk+i since otherwise ip^p — {u — w', *) takes negative values on F. 
Thus claim follows. □ 

For a divisor D and a effective divisor E, \et \d e be the canonical inclusion 
OyAD)-^OyAD + E). 



Let us denote effective divisors 



N-1 

k ■ 



Note that + is linearly equivalent to F^ by lemma 11.31 and 



= 0. 

Ti 



Hence we have 



Let us consider the following sequence: 

- Oy„ ^ OYAGt) © OyAG^) OYAGt + Gr) ^ 0. 
Here the first map is given by 1q q+ ® (— Iq ) ^^'^ second map is given by 
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Proposition 1.8. The above sequence is exact and corresponds to the element 

Proof. Let Uj ~ C'^ = Spec{C[x j,yj.Zj]) be the affine chart corresponding to 
the triangle Tj . It is enough to show that the sequence is exact on each Uj . Let 
Pa (a = X, y, z) be the vertices of Tj. Then we have 





= Vg+ 




(PaK^ 


: dj,a) and -0^- 


{Pa) = 0, 




= Vg+ 




{Pa) = 












{Pa){- 


: dj,a) and ■0^+ 


(Pa) = 0. 



The sequence in the claim is restricted on Uj to the following sequence of 
C[a;j, ?/j .ZjJ-modules: 

^ (0, 0, 0) (0, 0, 0) ® {d,,,,dj,y, d,- i±i (d,- d,,y, rf,- 0. 

Here (0,0,0) (resp. {dj^x,dj^y,dj^z)) is spaned by 

{x''y''z'' I a, 6, c > 0} (resp. {x''y''z'= \ a > -dj.x,b > -dj^y, c > -dj. J) 

as a vector space and 1 is the map which maps x°'y''z'^ to x"'y''z'^. We can verify 
this is exact. The corresponding element in H^{Ya-, Oy„ {F)) can be checked by 
the Cech argument in |Ful931 §3.5]. □ 

For fee / and ie {|,...,7V— |} we define divisors 

Pk Fk ^ Fk , Hi-^^F^, Ik -.^ H^._i + F+, 

and the exact sequence 

^ OyAH,)--^ Oy, {h) - Oy^ {F+) ^ 0. 

The first map the sum of compositions of the maps 

'^H.,F- ®-^H..F+^ :OYAH,)-^OYAh~A®OYAA+A 



and the canonical inclusions 

Oy„(/,_i ) ® Oy„(/.+ i) 0Oy.(/fe). 



The second map is the sum of 1/ p+_j 's. 



Proposition 1.9. The above sequence gives the universal extension correspond- 



ing to the set {f^. | z G {|, . . . , TV - |}} of generators of H'^{Y„,Oy^{F)) 
H°{Y„,OYA-module. 



as 
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Proof. For i e {f,...,iV- §} we can check the sequence 

^ OYAH^) ^ {(BkOYAh)) / {®J^^OYAH,)) ^ ^, 

is isomorphic to the exact sequence in Proposition 1 1.81 □ 

Now we have the foUowing theorem: 

Theorem 1.10. The direct sum Oy^ © ®fce/ projective generator of 
-iPer(y/X). 

Proof. This claim foUows from |VdB04| Proposition 3.2.5] and Proposition 1 1.91 

□ 

1.2 Crepant resolutions as moduli spaces 

We win associate a with a quiver with superpotential — (Qa-,Wa)- The set 
of vertices of the quiver Qcr is /, which is identified with Z/NZ. The set of edges 
of the quiver is given by 

Here hf (resp. h~) is an edge from i — i to i + i (resp. from i + ^ to i — 
Tfc is an edge from k to itself and 



ke I 



The relation is given as follows: 



• hj' o rj_i = f'i+i ° and rj_ i o /i,- — o r^j^i for i € / such that i — 



i + l e ir. 

• /i+ ° = K+i ° K+i ° /^i^ and 1 o /ir = hr o /ir^^ o /i+ ^ for i e / 
such that i — ^ e /,-, i + ^ ^ ir- 

• K o h+_^ o /ir_^ = r,^ 1 o /i+ and h+_^ o /ir_^ o /i7 = hr o r,+ i for i e / 
such that i — i ^ /,-, i + i e ir. 

• /li^ ° ^iti o = hr^^ o /i+ ^ o /i+ and h+_^ o /i,r ^ o /ir = hr o /ir^^ o /i+ ^ 
for i G / such that i— ■^,i + ^^Ir. 

This quiver is derived from the following bipartite graph on a 2-dimensional 
torus. Let S be the union of infinite number of rhombi with edge length 1 as in 
Figure [2] which is located so that the centers of the rhombi are on a line parallel 
to the a;-axis in and H be the union of infinite number of hexagons with 
edge length 1 as in Figure [3] which is located so that the centers of the hexagons 
are in a line parallel to the x-axis in . We make the sequence Z {5, 
which maps I to S (resp. H) if I module N is not in /,. (resp. is in Ir) and cover 
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Figure 2: S 
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the whole plane by arranging S"s and i?'s according to this sequence (see 
Figure [3]). We regard this as a graph on the 2-dimensional torus R^/A, where 
A is the lattice generated by (VS, 0) and {Nq - Ni, {Nq - Ni)V3 + Ni). We can 
colored the vertices of this graph by black or white so that each edge connect a 
black vertex and a white one. Let denote this bipartite graph on the torus. 
For each edge /i^ in P^, we make its dual edge h directed so that we see the 
black end of h'^ on our right hand side when we cross /i^ along h in the given 
direction. The resulting quiver coincides with Q^. For each vertex q oi Pa-, the 
composition of all arrows in corresponding to edges in P^ with q as their 
ends gives a superpotential. We define oj^ as the sum of all such superpotentials. 

Put S = (!,...,!) = Z^ and take a stability parameter 6 G Hom(Z-^, R) ~ R-^ 
so that e{S) =0. 

Definition 1.11. An A„-module V is 9 -(semi) stable if for any nonzero sub- 
module ^ S C. V we have 9{dhnS) (<) 0. 

By |Kin94] such a stability condition coincides with a stability condition 
in geometric invariant theory and we can define the moduli space ^)Jlg{S) of 9- 
semistable Acr-modules V such that dim V = S. A stability parameter is said 
to be generic if 0-semistability and ^-stability are equivalent to each other. 

Theorem 1.12 ( |im Theorem 6.4]). For a generic stability parameter 0, the 
moduli space is a crepant resolution of X . 

Proof. We can verify easily that the assumptions in [lUl Theorem6.4] are satis- 
fied. We can also check that the convex hull of height changes (see |KJ', §2]) is 
equivalent to A (see the description of divisors before Theorem 11.141 for exam- 
ple). □ 

Let T C Tle{S) be the open subset consisting of representations t such that 
t{h^) 7^ for any i € and t{rk) ^ for any k G Ir- Then T is the 3-dimensional 
torus acting on 9Jle((5) by edge- wise multiplications. 

1.3 Description at a specific parameter 

Let 6*0 be a stability parameter so that 6*0(15) = and (6*0)^ < for any fc ^ 0. 
For i G / let pi G 9Jle(,((5) be the representation such that 

P^(^)-|o (,<.), 

This is fixed by the torus action. We can take a coordinate (xi,yi,Zi) on the 
neighborhood Ui of pi in 971^^ ((5) such that the representation v[xi,yi, Zi] with 
the coordinate {xi,yi, Zi) is give by 

v[xi,yi,Zi\{hj) 
v[xi,yi,Zi]{hJ) 
v[x^,y^,Zi\{hf) 
v[xi,yi,Zi](hr) 
v[x^,y^,Zi\{q^_,) 



= 1 {]<i). 
= 1 {]>i), 

= y-, 

= v[xi,yi,Zi]{q+_^^) = z, 
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where 

± ^ jri {I e t), 

For k G I \et Cf. G SDT^^ ((5) be the representation such that 



cUhj) 

= 0, 



1 ij<k), 

{j>k), 

1 (J>fc), 
{j<k), 



and Cfc be the closure of the orbit of with respect to the torus action. This 
is isomorphic to P^, contained in Ui^_i fl U^_^_i and 

^k\u,_i = {Vk-i = Zk-i = 0}> C'felc/,+ 1 = {^k+i = Zk+i = 0}- 
Note that the coordinate transformation is given by 



(a;fe+i,yfc+i,Zfc+i) 



^{xi,_iZi,_i,x^\,Xk_iyk-0 {k 4. Ir), 



Hence Ck is a (0, — 2)-curve if /c e /r and a (—1, — l)-curve if fc ^ 7^- 

For a crepant resohition of X the configuration of (0, — 2)-curves and (—1, — 1)- 
curves determines its toric diagrams. So we have the following proposition: 

Proposition 1.13. The crepant resolution dJlg^{S) is isomorphic to Y„. For 
i G I the triangle Ti corresponds to the fixed point pi and for k G I the edge Ik 
corresponds to the curve Ck- 

For £ = or 1 and < a; < A^^ let G SDT^^ {S) be the representation such 
that 



1 (c^t/C?) 7^ e or (Tx(i) > x), 

(otherwise), 

1 {<^y{j) or ax{i) < x), 
(otherwise), 

'l (a,(fc± !)=£),_ 

(otherwise). 



Then the closure of the orbit of dl ^ with respect to the torus action coincides 
with the divisor Dg^^- 

We take the tautological line bundles L'^'^° {k G I) on DJtg^ (S) corresponding 
to the vertex k of the quiver Q^^ such that Lq' ° ~ Oot^ («)• We have the 
tautological section of the line bundle Hom(L°l^? , L'^f° ) corresponding to the 



13 












Figure 5: Universal representations on Tig (S) in case Example II .21 
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edge hf. From the description above, its divisor coincides with Ef^ defined in 
m.l\ Hence we have 

where Lk is defined just after 11.3] In summary, we have the following theorem: 

Theorem 1.14. The tautological vector bundle L'^'^° — ^f^^j is a projec- 
tive generator of VeviYu / X). 

In particular, we have the following equivalence: 

i:>''(Coh(r^)) ~ i:>''(mod(Endy^(L'^''^o))) 

u u 

Per(y^/X) ~ mod(Endy„(L'^'''«)). 

1.4 Computation of the endomorphism algebra 

In this subsection, we denote L'^'^° and L'^'^° simply by and respectively. 
Since L'^ is the tautological bundle on the moduli space of ACT-modules, we have 
the tautological map 

(/.: A, ^Endy„(i"). 

Proposition 1.15. Let Ck G be the idempotent corresponding to the vertex 
k. Then the restriction of the tautological map 

■■ ekAck ^ Endy^(L^) ~ H\Y„,Oy^) ~ C[X, Y, Z, W]/{XY - 

is bijective. 

Proof. We have the tautological section of the line bundle £ndy^(L^) ~ Oy„ 
corresponding to the path 



Xk ■■= O • • • O /it O h^_^ O • • • O /l+^3 O /l^^i . 



Its divisor is 



and as we have seen in Lemma 11.31 we have —'4'p+ = So (pkiXk) coincides 

N 

with X up to scalar multiplication (see the defining equation ([1]) of X in fJOJ. 
Similarly, we put 

Yfc := HT 1 o • • • o /i^ 1 o o • • • o /i^ 3 o /i" 1 , 

{K+^,°K+^, K(fc + i) = i), 

I rk (otherwise) , 

'K+^^-K+^, (a,(fc + i) = o), 

Wk:= {hl_,ohl_, (a,(fc-i)-0), 
rk (otherwise) . 
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Then 0fe(Yfe), 4>k{Zk) and <l)k{Wk) respectively coincide with F, Z and W up to 
scalar multiplications. Hence 4>k is surjective. To show the injectiveness, it is 
enough to check that X^, Yk, Zk and Wk 

• generate CkAck, 

• commute with each other, and 

• satisfy the relation XkYk = Zf^M^f \ 

These follow from the lemma below. □ 

Lemma 1.16. For a path P in Q„ starting from k & I let Pied &e o, minimal 
length path which is "homotopic" to P. Namely P^cd is the composition of hf 's 
or h~ 's and is homotopic to P when we regard Qa as and a path in Q^, as 
a map from the interval [0, 1] to . We set 

fk{P) = {the number of r^ appearing in P), 

hi{P) — {the number of appearing in P) — {the number of appearing in Pied) 
= {the number of appearing in P) — {the number of appearing in Prod), 

and 



Then we ha 



w{p)= E ^'(^)+ E ^^^p)- 

(T„(i±i)=0 o-«(i) = l 



p = p„d o (Zfe)^(^) o {w^r^p^ 



Proof. From the relations of we can verify directly that for any path P from 
k to k' we have 

Zk'oP = Po Zk, Wk'oP = PoWk (6) 

in A„. 

For a path P in Q^r from k we have a expression 

P = P' oZk' o P" (or P' o Wk' o P") 

for some paths P', P" in and k' ^ I unless P = Prod- This case we have 

P = P' oP" o Zk (or P o P" o Wk) 

in Aa by the equation ©. Then apply the same procedure for P' o P" unless it 
is reduced. By the induction with respect to the lengths of paths, we can verify 
the claim. □ 

For fc 7^ fc' G / let Xk^k' (resp. Yk^k') be the minimal length path from k 
to k' which is a composition of /i^'s (resp. /i,^'s). Then we have the following 
basis of ek'AcrCk'- 

{{Xk'T ° Xk.k' O {Zkr ° {Wky}n.m,l>Q U {(y^O" ° Yk,k' O {ZkT ° (W^fe)'}„,mJ>0. 
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We have 

where m' and I' is nonnegative integer such that Xk^k' ° ^fe,*:' = (Zk)"^ ° {WkY ■ 
In particular, we have 

Lemma 1.17. The map 

XkM' ° - ■ ek'A^Ck ekAcrCk 

is injective. 

Proposition 1.18. For fc 7^ fc' G / the restriction of the tautological map 
4'k,k' ■ ek'Aek ^ Homy^(Lfc,L^,) 

is bijective. 

Proof. The injectiveness follows from Lemma [1.171 and the injectiveness of (pk- 
For the surjectiveness, it is enough to check that Homy^ {Lk,Lk') is generated by 
the image of Xk^k' and Yk^k' as an i?-module. Let Fj^^,, (resp. F^^,,) be the sum 
of iJj^'s (resp. i?~'s) corresponding to Xfc_fc' (resp. Yk^k')- Note that -0^+ _p~ 
is the unique element in M such that 'ipp+ _p- {N^, e, 1) = -0^+ {N^,s, 1) and 
such that %pp+ _p- (1, 0, 0) = —1. 

Let u e 5*^ (-py^fc/ ) be an element such that {u,v) < for some v £ Q. 
It is enough to check there exists u' G 5a such that u = tpp+ _p- + u' . 

Since (u, (0, 0, 1)), (u, (0, 1, 1)) > and < for some u G Q, we have 

(u, (1, 0, 0)) < 0. Let u' G 5a be the element such that 

(u', (1,0,0)) = (u,(l,0,0)) + l 
(u', (7V„ £, 1)) = {u, (iV„ £, 1)) + F+,„ [e, N,). 

It follows from the characterization of 7/;^+ _p- above that u—m' = ?/;^+ _p- . 

"u 

In summary, we have the following theorem: 
Theorem 1.19. The tautological homomorphism 

A^^EndvALn- 

is isomorphism. 

2 Counting invariants 

From now on, we denote Qa and A^r simply by Q and A. Let Qq and Qi denote 
the sets of vertices and edges of the quiver Q respectively, and A-fmod denote 
the category of finite dimensional j4-modules. 
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2.1 Koszul resolution 

We set a grading on the path algebra CQ such that 

deg(efc) = 0, degihf) = 1, deg(rfc) = 2. 

The superpotential lo is homogeneous of degree 4 with respect to this grading. 
So the quiver with superpotential A = {Q,lu) is graded 3-dimensional Calabi- 
Yau algebra. 

We denote the subalgebra CQo — ©fceQo^^fe of ^ by S. For an S'-module T 
we define an j4-bimodule Ft by 

Ft = A(»sT (»s A. 

For k,k' I let T^^fc' denote the l-dimensional 5-niodule given by 

e; • 1 = 1 • e; = Jfc',;, 

and we set 

Note that an element of Fk.k' is described as a linear combination of {p (g) 1 (g) 

For a quiver with superpotential A, the Koszul complex of yl is the following 
complex of A-bimodules: 

^ Fk ^ -F'out(o),in(a) ^ -Fin(b),out(b) ^ ^ ^ Fk A ^ 0. 

fceQo aGQi beQi keQo 

Here the maps m, di, da are given by 

m{p (g) 1 (g) g) = (p e Acfc, q G efcA), 

di(p(g 1 (g g) = (pfcgi 1 «>(?)- (pgi 1 (g (peAein(6), q&eout{b)A), 

dab® !«"?)= pag)lg)g - pg)lg)ag (p e Acfc, g € CfcA). 

\a: in(a) — / \a: out(a)— /e / 

The map d2 is defined as follows: Let c be a cycle in the quiver Q. We define 
the map dc-a,b- -Fout(a)an(a) Finib),out(b) by 

dc:a,b{p i q) ^ ^ psg)lg)rg. 

'•6ei„(<i)Aeout(6), 
sGei„(b) Aeout(a) , 
ar6s— c 

Then ^2 — d^j is defined as the linear combination of dcS. 

Since A is graded 3-dimensional Calabi-Yau algebra, the Koszul complex is 
exact ( jBocOSl Theorem 4.3]). 

2.2 new quiver 

We make a new quiver Q by adding one vertex oo and one arrow from the 
vertex oo to the vertex to the original quiver Q. The original superpotential 
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w gives the superpotential on the new quiver Q as well. We set A := (Q, w) 
and denote the category of finite dimensional A-modules by A-imod. Giving a 
finite dimensional A-module V is equivalent to giving a pair (V, W, i) of a finite 
dimensional ^-module V, a finite dimensional vector space W at the vertex 
oo and a Hnear map i: W Vq. Let t : A-fmod — > ^-fmod be the forgetting 
functor mapping {V, W, i) to V. 

We also consider the following Koszul type complex A-bimodules as well: 

- Ffc A Fo„t(a).i„(a) ^ Fi„(,),„,t(,) A ^ i ^ 0, 

keQo aeQi beQi keQo 

where Fj, -Fi,i', d, and m are defined in the same way. This is also exact. The 

exactness at the last three terms is equivalent to the definition of generators 
and relations of the algebra A. The exactness at the first two terms is derived 
from that of the exactness of the Koszul complex of A. 

Proposition 2.1. For E, F G ^-fmod we have 

hom^{E, F) - ext\{E, F) + ext\{F, E) - hom^(F, E) 

= ducEoo ■ dimFo — dimiJo • dimFtx,. 

Proof. Note that we can compute Ext^(i<^,F) (resp. Ext^(i(-E), i(i^))) using 

the Koszul resolution. Let(i^(_E, F) (resp. df (l{E) . i[F))) denote the derivation 
in the complex derived from the Koszul resolution. Then we have 

hom^(F,F) -ext^(F,F) 
= ^ (dimFfc • dimFfe) - ^ (dimFout( 

• f^iiii F{Yi{a)) ~l~ rank (d^(F,F)). 

keQo aeQi 

Note that 

rank {d^{E, F)) = rank {d^{i{E), l{F))) 
= rank(d^WF),i(F))) 
= rank(4(F,F)), 

where the second equation comes from the self-duality of the Koszul complex of 
A. Hence we have 

hom^(F, F) - ext^(F, F) + ext^(F, E) - hom^(F, E) 

= ^ (dimFout(/i) • dimFin(,j) - dimFi„(^) • dimFout(^)) 

heQi 

= dim Foe • dim Fq — dim Fq • dim Fqo . 
Here the last equation follows from the fact that for any i, j € I 
tt (arrows from i to j) = jj (arrows from j to i). 

□ 

Remark 2.2. From the Koszul resolution of A, the last equation in the proof is 
equivalent to the vanishing of the Euler form on A-fmod. This is equivalent to 
the vanishing of the Euler form on Co\vc{Y). The vanishing on Cohc(y) follows 
from Hirzehruch-Riemann-Roch theorem. 
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2.3 Counting invariants 

Let C G be a pair of real numbers. For a finite dimensional A-module V 
we set 

y^t-cn Cfc'dimVfe 
EfcGQo dim\4 

Definition 2.3. A finite dimensional A-module V is said to be 9^- (semi) stable 
if we have 

for any nonzero proper A-submodule V' 

Here we adapt tlie convention for the short-hand notation. The above means 
two assertions: semistable if we have '<', and stable if we have '<'. 

Remark 2.4. (1) These stability conditions coincide with ones in geometric 
invariant theory f 'Kin94^ ). 

(2) Given a real number c let S be the pair of real numbers (Cfe + c)j.£Qjj • 
Then we have 

e~^,{v) = e^^{v) + c. 

Hence 6 (semi) stability and 6 (semi) stability are equivalent. 

Theorem 2.5 ( |Rud97| ). Let a stability parameter C, G M*^" be fixed. 

(1) A finite dimensional A-module V G A-fmod has the Harder- Narasimhan 
filtration : 

y = Vb 3 V^i 3 • • • 3 14 D Vfc+i - 
such that Vi/Vi-^-i is 6 -^-semistable for i = 0, 1, . . . , fc and 

^c(VbM) < Ol{Vi/V2) <■■■< 9^{Vk/Vk+i). 

(2) A finite dimensional 9 ^-stable A-module V G ^-fmod has a Jordan-Holder 
filtration : 

y = D D . . . D 14 D \4+i ^ 
such that Vi/Vi-^-i is 9^-stable for i = 0, 1, . . . , fc and 

O^iVo/Vi) = 9^{Vi/V2) = ■■■ = 9^iVk/Vk+i). 

We sometimes denote an A-module (V, C, i) with 1-dimensional vector space 
at the vertex oo simply by {V,i). 

Definition 2.6. (1) Given ( G R'^", we take ( G R'^o ^j^^/i that = Ck for 
k G Qq. a finite dimensional A-module V said to be C,- (semi) stable if the 
A-module (y,0, 0) is 9 c^- (semi) stable. The definition does not depend on 
the choice of C,oo ■ 
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(2) Given {V,i) £ i-fmod and C e R'^", we define C e R'^" by Cfc = Cfc for 
k G Qq and 

Coo = -C ■ dim V. 

We say (V, i) is (semi) stable if it is 9^- (semi) stable. 

Lemma 2.7. An A-module {V^i) is (semi) stable if the following conditions 
are satisfied: 

(A) for any nonzero A-submodule ^ S C V , we have 

C-dimS«)0. 

(B) for any proper A-submodule T C.V such that im(z) C Tqi we have 

C-dimr(<)C • dimK 

For C e K*^" and v = [vk] G (Z>o)'3«, let mc_{x) (resp. a)t|(v)) denote 
the moduli space of C-semistable (resp. ^-stable) A-modules (V, i) such that 
dim V — V. They are constructed using geometric invariant theory f [Kin94j ). 

A stability parameter ^ S is said to be generic if C-semistability and 
C-stability are equivalent to each other. Since the defining relation of A is 
derived from the derivation of the superpotential, the moduli space 971,^ (v) has 
a symmetric perfect obstruction theory ( [Szei Theorem 1.3.1]). By the result of 
[Beh] a constructible Z- valued function v is defined on the moduli space (v) . 
We define the counting invariants 

rieZ 

where x(~) denote topological Euler numbers. We encode them into the gen- 
erating functions 

ve(z>o)«o ve(z>o)«o 

where = O/te'^o and qkS are formal variables. 

The 3-dimensional torus T acts on F, and so it also acts on 9Jl^(v). Assume 
that the set of T- fixed points 9Jl^(v)^ is isolated and finite (see §2.51 and iSH]). 
By the argument in the proof of [Sze) Lemma 2.5.2, Corollary 2.5.3 and Theorem 
2.7.1], the contribution of a T-fixed point P G 9Jt^(v)'^ is 

and so we have 

where the new formal variables p are given by 




qk k ^ 0,k £ ir, 01, k — 0,k ^ Ir, 
—Qk k ^ 0,k ^ Ir, OT, k — 0,k £ Ir. 
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2.4 Wall-crossing formula 

The set of non-generic stability parameters is the union of the hyperplanes in 
MP° . Each hyperplane is caUed a wall and each connected component of the set 
of generic parameters is called a chamber. The moduli space 971^ (v) does not 
change as long as ( moves in a chamber. 

Let (° = (Cfe)/ceQo ^ stability parameter on a single wall and set = 
{Ck ± e)fe6Qo for sufficiently small e > 0. 

Proposition 2.8. (1) Let V' — {V ,C,i') he a -stable A-module. Then we 
have an exact sequence 

Q ^V' -^V" -^Q, 

where V = (V",C,z) is a C stable A-module, V" = {V",0,0) and V" 
is a C,° -semistable A-module. The isomorphism class of V and V" are 
determined uniquely. In particular, assume V' — {V , C, i') is T -invariant 
then V and V" are also T -invariant. 

(2) Let V' = {V',<C,i') be a C,^ -stable A-module. Then we have an exact 
sequence 

Q^V" ^V' -^Q, 

where V = (F,C,i) is a C stable A-module, V" = (F",0,0) and V" 
is a C,° -semistable A-module. The isomorphism class of V and V" are 
determined uniquely. In particular, assume V' — {V',C,i') is T-invariant 
then V and V" are also T-invariant. 

Proof. We take C° e M'^o in Definitions^ Let 

V' ^VoD ■■■dVm^ Vm+1 = 

be a Jordan- Holder filtration of V' with respect to the ^^^o -stability. Since 

dimV^4 = 1, there is an integer < m < M such that dim{Vm/Vm+i)oo = 1 
and dim(V5„' /Vrn,'+i)oc — for any m! ^ m. Then for m! ^ m we have 

C+ • dim(V;;/K,, + i)i = e ■ Y,{yra'/Vra' + l)k > 0. 

kei 

From the C+-stability of V' , we have m = M. Put V = Vm and V" = V/Vm, 
we have the required sequence. Note that this sequence gives a part of the 
Harder-Narasimhan filtration of V' with respect to the -stability. Assume 

V' is T-invariant, then it follows from the uniqueness of the Harder-Narasimhan 
filtration that V and V" are T-invariant. 

We can verify the claim of (2) similarly. □ 

We identify ZP" with the root lattice of affine Lie algebra of type A^ and 
denote the set of positive root vectors by A+. 

Proposition 2.9. Assume C is a (^-stable A-module for some ( £ R'^". Then 
dim C G A"*". Moreover, given a positive real root a G A''^'^ and a stability 
parameter C° such that ^° is on the wall Wa hut not on any other wall Wa' 
(a' ^ a), then we have the unique Q° -stable T-invariant A-module C such that 
dim C = a. 
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Proof. Note that we have the natural homomorphism 

i? ^ Endy(Lfe) ^ Endy (eife) ~ A, 

where the first one is the diagonal embedding. The image of this map is central 
subalgebra of A. Any A-module has the i?-module structure given by this 
homomorphism. Any finite dimensional A-module is supported on finite number 
of points on Spec(i?) = X and so any finite dimensional A- module C which is te- 
stable for some C is supported on a maximal ideal X d R. Any nonzero element 
of X induces an A-module automorphism on C by the multiplication. Since 
C is ^-stable, any A-module automorphism on C is either zero or isomorphic. 
But this can not be isomorphic, because C is supported on X. Hence we have 
I -0 = 0. 

Suppose that 2 corresponds to a nonsingular point on X and that C is ^- 
stable and T ■ C — 0, then we have dim (C) = (!,..., 1). The singular points on 
X is classified as follows: 

• the unique T- invariant (X, Y, Z, W), 

• {X, Y,Z-a, W) {a ^ 0) or 

• {X,Y,Z,W-b) (b^O). 

An A-module C such that {X, Y, Z, W)-C = is a module over the preprojective 
algebra of type A^. The dimension of the moduli space of representations of 
the preprojective algebra of type is vCv, where C is the Cartan matrix of 
type An ( [Nak94j ) . It there exists a ^-stable ^-module C with dim C = v, then 
vCv is nonnegative, which is the definition of the root vectors. The uniqueness 
follows from the irreducibility of the moduli space ( |CB02 j). Let C be an A- 
module such that {X,Y, Z - a,W) ■ C = {a ^ 0). For k £ I such that 
o'y{k + i) = 1, h'^^i and h'j^_^_i give isomorphisms between Ck and Ck+i- For 

k E I such that <Jij{k + i) = 0, we have 

Thus the category of A-modules C such that {X,Y, Z - a,W) ■ C = (a ^ 0) 
is equivalent to the category of modules over the preprojective algebra of type 
Aatq with ho h = for any edge h. Under this equivalence, a root vector of the 
root system of type Apfg corresponds to a root vector of the root system of type 
Apf. Hence for a ^-stable A-module C such that {X,Y,Z — a,W) • C = its 
dimension vector is a root vector of the root system of type A^. Similarly, for 
a C-stable A-module C such that {X, Y, Z,W — b) ■ C = its dimension vector 
is a root vector of the root system of type A^. □ 

Remark 2.10. Note that the fiber over the point corresponds to the maximal 
ideal {X, Y,Z — a, W) (resp. (AT, Y, Z,W ~ b)) is the An^^ (resp. Aj^^) configu- 
ration of P"'^ 's. 

Corollary 2.11. The set of nongeneric parameters is the union of the hyper- 
planes {C e Z^" I C • a = 0} (a G A+ ). 
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Take a positive real root a £ A""^'^ and a parameter C,° e MP° which is 
on Wa but not on any other waU. Let C be the unique T-invariant C°-stable 
A-module such that C,° ■ dim C. We set = {(k ± s) for sufRciently smaU e. 
We fix these notations throughout this subsection. 

Proposition 2.12 ([NNl Proposition 3.7]). For a C -stable A-moduleV ^ {V,i) 
we have 

ext^(C,f) -ext^(l/,C) = dimCo. 

Proof. Since C and V are ^"-stable and not isomorphic each other, we have 
hom^(C, V) = hom^(y, C) — 0. So the claim follows form Proposition [^Hl □ 



Proposition 2.13. 



zZkii^ IS even. 



We prove this proposition in 
Let a G A''®'+ be a positive real root such that J2k<fi '^k is odd. In such 
cases, wall-crossing formulas are given in [NN : 

Theorem 2.14 ([NNl Theorem 3.9]). 

Z™(q) = (l + q")"''.Z^°?(q). 

Remark 2.15. To he precise we should modify the argument in \NNf a little, 
since the stable objects on the wall are not unique, while so are the T-invariant 
stable objects. See the argument after Proposition \2. 1 

We will study the case X]fc^/ is even. For a positive integer to, we have 
the unique indecomposable A-module Cm which is described as m — 1 times 
successive extensions of C's. 

Proposition 2.16. (1) Let V' = {V',C,i') be a T-invariant (^-stable A- 
module. Then we have an exact sequence 

where V = {V, C, i) is a T-invariant C,° -stable A-module. The integers rim' 
and isomorphism class of V are determined uniquely and satisfy 

hom(V^',C„i) — rim' •min(m',TO). 

m'>l 

Moreover, the composition of the maps 

C^"- ^ Hom^(C™,®„.>i(C™0®""') Ext^(C,F) 

is infective. Here Nm = X]m'>m"'™' '^^'^ /irst map is induced by 
inclusions Cm ^ Cm' (fn' > m). The second map is given by composing 
the inclusion C ^ Cm and V' e Ext\{(Bm'>i{Cm')®"'"^' ,V) . 
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(2) Let V' = {V',C,i') be a T-invariant C -stable A-module. Then we have 
an exact sequence 

^ e™'>i(c„,o®"'"' ^v' ^v^Q, 

where V = (V, C, i) is a T-invariant C,° -stable A-module. The integers Um' 
and isomorphism class of V are determined uniquely and satisfy 

h.om{Cm,V') = n„i' ■mm{m',m). 

m'>l 

Moreover, the composition of the maps 

C^'" ^ Honi^(e„,,>i(C„,0®""',a„) ^ Ext^(f ,C) 

is injective. Here Nm = X]m'>m'^™' '^^'^ /irst map is induced by 
surjections Cm' Cm (m' > mj. The second map is given by composing 
the surjection Cm ^ C and V' G Ext\{V,®m'>iiCm')®''^'"')- 

Proof. The existence of the sequences foUow from Proposition [TH Proposition 
12.91 and Proposition 12.131 Since hom{V, Cm) — 0, we have hom{V' , Cm) — 
hom{(Bm'Cm' , V') from the long exact sequences. The middle equations follow 
from hom(Cm', Cm) = min(m', m). The compositions of the maps are injective 
since otherwise V' has C as its direct summand. □ 

Given a sequence {Nm)mei- such that Nm" = Nm"+i = ■ ■ ■ < N for some 
to", let Fl{{Nk);N) be the flag variety 

{0 C M^i C . . . C Wm" C I dimVF„, = Nm}. 

We can verify the following claim as well: 

Proposition 2.17. (1) Let V — {V,i) be a T-invariant ("-stable A-module. 
For an element 

{Wk)eFl{{Nk);ext\{C,V))'^, 
let V' denote the A-module given by the universal extension 

m>l 

such that the image of the composition map in Proposition \2.16\ coincides 
with Wk. Then V' is T-invariant and -stable. 

(2) Let V — {V,i) be a T-invariant ("-stable A-module. For an element 

{Wk)eFl{{Nk);ext\{V,C))^, 
let V' denote the A-module given by the universal extension 

m>l 

such that the image of the composition map in Proposition \2.16\ coincides 
with Wk- Then V' is T-invariant and (^ -stable. 
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Hereafter we denote the set of T-fixcd points on X by ^ X. Let R{T) be 
the repsentation ring of T. For a nonnegative integer N (resp. N E R{T)), 
let ^9Jl|o(v)jv (resp. '^Tt^o{'v)_\f) denote the subscheme of -^9Jl|o(v) consisting 

of closed points V such that ext^{C,V) = N (resp. Ext^C, TV as T- 

modules). Let ^971^+ (v')(„^^) denote the subscheme of ^9Jl^+(v') consisting of 
closed points V' such that hom(y', Cm) = J2m'>i '^m' ' inin(m', to) We have the 
canonical morphism ^OJl^+ (v')(„^^) ^97l|o (v) where v = v'— mnm - dim C 
such that a closed point e -^3Jt^+ (v')(„^) is mapped to the closed point 
V e ^OJl^o (v) appeared in the exact sequence 

o^v^v'^ ©™'>i(c„,o®""' 0. 

Let'^Tl(^+{v')(n^)^N (resp. (v')(„^^).^) denote the inverse image of -^OJl^o (v) jv 

(resp. "^S!Jl|o (v)Ar) with respect to the above morphism. Similarly, we define 

^ajl^%(v)^, ^27l|o(v)^, ^aJlc+(v')(""\ ^a7lc+(v')("'")^^ and ^071^+ (v')*"-")'"^. 
By Proposition 12. 161 and Proposition [2113 the natural map 

^2n^+(v')(„„),A^^^OT|°(^W 

is a fibration. So we have 

^x(^2rtc+(v'))-q^' - E x(^aTt^+(v')(„„),Ar)-q"' 

v' v' ,{n,„),J\f 

= E x(i^^((iV™);^))-x(^97tco(vW).q-+2:'""'"-iiisi(c) 

= E I E X(^^^((ri™); A^)) • q™"'"-^^^) ] x(^aH|o(v)^) • 

v,N 

Similarly we have 

v' v.TV 

By Proposition irni we have Tlt;{v)N = 9Jlc(v)^+'*™'^"- Hence we have 



= E (l - ^""^j X(97l^^(v)Ar-dimC„) • q" 

v,N 

x-^ / J- ,„,\ --'V-dimCo 

= E(l-q— ^ X(a«^(v)jv)-q^ 

/ \ — dim Co , 

= ri_qdim(c)\ .^x(aHc+(v'))-q"- 



In summary, we have the following wall-crossing formula: 
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Theorem 2.18. We have 

Z™(q) = (1 - £(a)q")-^(")"'' • Z™(q), 

where 

e{a) = (-1)2:^2/. "\ 
2.5 DT, PT and NCDT 

Note that the set {[Ck]}k£i form a basis of H2iY;Z). We identify i?2(>") with 
Z^. For n S Z>o and /3 € H2{Y), let /n(5^, /?) denote the moduh space of ideal 
sheaves Tz of one dimensional subschemes Oz C Oy such that xi^z) — n and 
[Z] = p. Note that the set of torus fixed points In{Y,P)'^ is isolated and finite 
( [MNOP06j ). We define the Donaldson-Thomas invariants In,f} from In{Y,(3) 
using Behrend's function as is t j2.3l ( |ThoOO| . |Behj ) . and their generating func- 
tion by 

where = Ofce^ ^k' ^^"^ G /) is a formal variable. 

Let Pn{X^ P) denote the moduli space of stable pairs (F, s) such that x{P) = 
n and [supp(F)] = (3. The set of torus fixed points In{Y, f3)'^ is also isolated 
and finite ( |PTb| V We define the Pandharipande- Thomas invariants Pn,p and 
their generating function ZpT{Y;q,t) similarly ( [PTaj ). 

We set C = i-N + f , 1, . . . , 1), = {-N + 1 ± e, 1, . . . , 1) and q = go • gi • 
• • • • qN-i- By the result in [NN|, §2] and the fact that the sets of torus fixed 
points are isolated and finite, we have the following theorem: 

Proposition 2.19. 

ZY)TiY;q,q^^, . . . = Zc-i^)^ ZpriY; q, q^'^ , . . . ^ Z^+{q). 

Let C,uiv be a parameter such that (Ctriv)fc > for any k. Note that 9Jl(;j_.j^ (v) 
is empty unless v = and so Zi^^^^^{q) = 1. Let CcycUc be a parameter such that 
(Ccyciic)fc < for any k. The invariants D,^^ ciic('^) non- commutative 

Donaldson- Thomas invariants defined in [Sze| . Note that the set of torus fixed 
points SDt^^y^j.^ (v)-^ is isolated and finite. We denote their generating function 

2Ccyoi.c(q) by ZNCDT(q). 

We divide the set of positive real roots into the following two parts: 

A'± + = {ae A'-°'+ I ±C° • a < 0}. 

Applying the wall-crossing formula and comparing the equations ([7]) in W2.'dl we 
obtain the following relations between generating functions: 

Theorem 2.20. 

^NCDT(q)= n (l + (-irqT^"'"0 •2DT(F;g,gr\---,g^^), 

zMY;q,q^\...,q],U)= J] (1 + (-1)"" q"r^"^"° ■ 
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Remark 2.21. For the case Ni — 0, the formula on 2ncdt o,nd Zdt have 
been given in JYoubf . 

We define the sets of positive real roots of the finite root system by 
A«"'+ = {a[a,b] ■■^aa + --- + ab\0<a<b<N}, 

then we have 

A';°'+ = {a + n5\ae A^'''+ , n > 0}. 
Note that for a G A we have e{a + nS) = e{a). Let 

oo 

M{x,q)^Y[{l-xq")-" 

n=l 

be the MacMahon function. 
Corollary 2.22. 

0<a<6<Af 

where q[a^b] = Qa qb- 

The root lattice of the finite root system is identified with H2{Y) so that 
Q!fe corresponds to [Ck]- The corollary claims the Gopakumar-Vafa BPS state 
counts in genus g and class a defined in [PTa' §3.4] is given by 



-e("[a,6]) a = a[a,h], 5 = 0, 
otherwise. 



2.6 Appendix 

In this subsection, we prove Proposition 12.131 We can take integers no, ni and 
a basis {vn}no<n<ni of C such that 

n=k (modN) 



{h+{vn),hr{vn+i)) = (w„+i,0), or (0,w„) (z - ^ =n), 

\~Ko)=0, (i-i=no), 

ht{vn,)^0, (i-i=ni), 
rfe(w„)=0, {k = n,k£lr). 

Lemma 2.23. Assume that we have d G Z and j < j' G Z such that uq < 
j + + dN + i and j' — i, j' + dN — | < n-i. If we have Vj^i ^ im(/i^), 

Wj+i+(jAr ^ ker(/i^), ^ im(/i7,) and G ker(/i^), </ie« d = anc? 
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Proof. Note that 0j<„<^/ Ct;„ is a nonzero proper A-submodule of C and 
+dAr<n<j'+dAr ^ nonzero proper ^-quotient module of C. By the 
0-stabihty of C we have 

^ %<o, %>o. 

j<n<j' j+dN<n<j'+dN 

This is a contradiction. □ 

Using the Koszul complex, we can compute Ext\{C,C) as the cohomology 
of the following complex: 

Hom(Cout(a),C'in(a)) ^ Hom(Ci„((,) , Cout(b)) Hom(Cfc,Cfc). 

aeQi beQi keQo 

For d e Z and j e Z such that both j and j - 5 + dA'' (resp. j + 5 + rfA/') 
are in the interval [no, ni] we define an element 



by 



and for I e such that both I and / + dA^ are in the interval [no, ni] we define an 
element 

A,d S Hom (Ci„(r^), Cout(n)) 

by 

l3l,d{Vn) = Sn,lVi+dN- 

We define a set Jo by 

Jo = {n e Z I no < n < ni, n e 7^} U {j e Z | no < j < ni}. 
We define a set Jd for d e Z>o such that dN < m — no by 
{n e Z I no < n < ni - dAf, n e Jr-} U {j e Z I no < i < ni - dN} U {no - 1/2} 
if ^ (no-i/2) Ko-i+rf^) = 0' and 

{n e Z I no < n < m - dN, n e 7^} LI {j e Z | no < i < ni - dA/"} U {m + 1/2} 

if Vni+i-dN ^ im (^('no-i-i/2)) • ^^^^ define a set J^ for d G Z<o such that 

—dN < ni — no by 

{n, e Z I no < n - dA^ < ni, n e /r} U {j e Z I noA^ <j< rii} U {m + 1/2} 
if ^^„i+i/2)Ki+i+rfw) = 0, and 

{n e Z I no < n < m-dN, n G ir}u{j e Z | no < j < ni-dA''}u{no-l/2-(iA''} 

if Vno-i-dN) ^ im{h^^^_^). 

For d e Z and j G ZD Jd we take an element f3j^d in the kernel of di as 
follows: 
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• f3j,d ■■= a+d if ^'j+i ^ im(/i,+) and v^-i+djv e ker(/it), 

• Pj,d ■■= + "j^d if Kivj+i) = h+{vj_i+aN) = or hf{vj_i) = 
Note that the set 

forms a basis of kcr((ii). 

For an element a G Jd let a+ (resp. a~) denote the minimal (resp. maximal) 
element in Jd which is larger (resp. smaller) than a if it exists. We divide Jd 
into two disjoint subset and J'J so that exactly one of a or a+ is in J'^ for any 
a & Jd such that a+ exists. Furthermore we divide (resp. J^) into disjoint 
subsets satisfying the following condition: Take a G J'd such that b := (a+)+ 
exists. Let if be the subset of containing a. Then b ^ H if 

• aeZ, Va+1/2 ^ im(/ij) and /i-(wa+i/2+djv) = 0, or 

• a+ e Z, i;a++i/2 ^ im(/i^) and /i^(t;„++i/2+djv) = 0, or 

• o+ e Z, Ua+.i/s ^ im(ft.^) and /i^(?;a+-i/2+dAr) = 0, or 

• 6 G Z, ?7fe_i/2 <^ im(/i^ ) and /i^(wfc-i/2+<iw) = 0, 

and otherwise b G H. Note that Jg and Jq are divided into themselves. 
Let H be one of the subsets of Jd {d^ 0). 

Lemma 2.24. The subspace o/ker(di) spanned by {l3a,d}aeH is contained in 
im((i2). 

Proof. For a G Jd we define an element 'ya,d by 

• I3a,d if a e Z, 

• e Hom (Cout(4)'<^m(4)) ifa e Zand/i+(t;„_i/2) = h+{va+dN-i/2) = 
0, 

• "a.d e Hom (C„„t(^-), Ci„(^-)) if a e Z and h-{vc+i/2) = (^a+dJV+1/2) = 
0, 

where a^^ is given by 

^a,dM = Sn,a^^'"j_^_dN±^■ 

For a G Jd such that a+, a~ e Jd we have 

d2{ja,d) = Pa-,d + l^a,+ ,d- 

Let amin and amax be the maximal and minimal elements in H. We can verify 
that cither ,/3n,ui„,d G im(fi2) or Pa^^^,d G im((i2) holds by case-by-casc argiiment. 
For example, if amin G Z and h~ _ (wa„i„-+i/2) = i^ami„--i/2 then we have 

□ 
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Proposition 2.25. // |Jo| is even, then Jo is contained in hn{d2). If \Jo\ is 
odd, then we have dim( Jo/ini((i2) H Jq) = 1. 

Proof. Let flmin and flmax be the maximal and minimal elements in Jo. For 
a G Jo we have 

{Pa+.^,d if a = flinin, 

/3a„,,,d if a = flinax, 

0a-, d + Pa+ ,d Otherwise. 

Thus the claim follows. □ 

Now we finish the proof of Proposition l2.13l 



3 Mutations and stabilities 
3.1 mutations 

In m.2\ we associate a quiver with a potential A := At with a map t: I 
{±1}, where we use 1 and —1 instead of H and S respectively. For k E I, let 
IJ-k{T) ■ I {±1} be the map given by 



tik{T)il) 



T{k)T{l) {l = k±l), 
t{1) (otherwise), 



and let Hk{A) denote the quiver with the potential A^^i^^)- 

Let Pk be the projective A-module associated with the vertex k £ I and we 
set P := Pk{= A). We define the new A-module 

Pi coker(Pfc ^ Pu-i ® Pk+i) 

where Pk Pk±i be the maps given by conposing the arrows from fc ± 1 to fc. 

Proposition 3.1. (1) The object ^k{P) = ®i^k ^i®^k ^ tilting generator 
in L'''(A-mod). 

(2) EndAiMP))- MA). 

Proof. We provide just a skech of the proof. 

For the claim (1), it is clear that /ifc(-P) is a generator. Vanishing of the 
higher extensions from Pi {I ^ k) to Pj^ follows from the surjectiveness of the 
map 

Hom(Fi, Pfc_i) e Hom(F,, Pfc+i) ^ Rora{Pi,Pk). 

We can verify the other conditions as well. 

For the claim (2), we can construct the isomorphism explicitly. Let Hf^ and 
Rk denote the arrows of the mutated quiver /ife(A), where hf and rk are the 
arrows of the original quiver A. Given fc € 7^, we associate the map induced by 
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with the arrow H'^. i , the map induced by 



e idp,+, : Pk+i Pk-i © Pk+i- 
with the arrow and the map induced by 



Pk 



with the arrow Rk- Here 

R{k ± 1) 



k-i 



k-i 



rk±i 



•Pk+i 
(R{k - 1) 

•Pk+1 





R{k + 1) 



{k±l& Ir), 

(fc± 1 ^ 7^). 



We can associate maps with the other arrows and veriiy that the construction 
actually provides an isomorphism. □ 

In particular, we have the derived equivalence 

*fc: D^A-mod) D''{{ij.k{A))-mod). 

3.2 the cLfHne Weyl group action 

For k G I we define the map /x/j : ^ by 



(Mfe(v))j ^ 
for V e Z^. We also define iJ.k ■ 

for CgW. Note that 

v 

for any v and 



Vfc-i - Vfc + Vfe+i I = k, 



otherwise 



by 

-Ck 

Ck±l + Ck 





I = k, 
l = k±l, 
otherwise 



Proposition 3.2. Let a G be a positive root and ( be a parameter such that 
a • C = 0, Cfc < and such that ( is not on any other wall. Given a (^-stable 

A-module C with dim C = a and X • C = for a maximal ideal X <Z R. Then 
\E'ft(C) is the unique fjtkiQ-stable HkiA) -module with dim(\l/fe(C)) = iJLk{ot) such 
thatX-'^k{C) = 0. 

Proof. Since C is ^-stable and Cfc < 0, the map 

Ck-i © Cfe+i Ck 
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is surjective. Hence ^'fe(C) is a /ifc(A)-niodule. Suppose we have an exact 
sequence 

O^V 5'fc(C) V^' 

of nontrivial /ifc(A)-modules. Let ) denote the cohomology with respect 

to the natural t-structure of D^{A-mod). Note that for a /ifc(A)-module V, 
HXi'^k^iV)) is concentrated on the degree and -1 and {H^\'^-^{V)))i = 
for I 7^ k. By the long exact sequence, we have = and the 

following exact sequence 

-> H^\^-\V')) -> ^-\V) ^C^ iJ° ^ 

of A-modules. Then we have 

Aifc(C)-dimF = C-dim«'fc'(F) 

< 

where the first inequality follows from the C-stablility of C and the second one 
follows from the assumption < 0. □ 

In the rest of this section, we fix a parameter C, such that < such 
that C + d • 1 is not on an intersetion of two walls. See Remark 13.91 for the case 
X Ci > 0. Then we get the sequence Cq, . . . ,Cr of chambers such that 

• C- d-le UCj for any d>0, 

• for any Cg , there exists some d> such that ( — d ■ 1 £ Cs, and 

• suppose C — d • 1 e Cs, C ^ d' ■ 1 £ Cg' and s < s', then d > d' . 
We also define the sequence ki, . . . ,kr of elements in / such that 

Cs-i nCTc Wa- {a" = iJLk.^i o---oAifci("feJ), 

where au denote the simple root vector. We denote fis fJ-k, o • • • o /x^j^, 
*5 := ^'fc, o • • • o and fi^ := fir, := ^r- 

Corollary 3.3. (1) Let C be a finite dimensional 9Q-stahle A-module. Sup- 
pose dim(C) • C < 0; then ^(;{C) € (^^(A))-mod. Suppose dim(C) • C > 0, 
then «'<;(C) e inciA))-mod[l]. 

(2) Let C he a finite dimensional 9 ^^(^(^y stable fi(^{A) -module. Take d G R 
such that (/ic(C) + d • 1) G /i^(C+) where C+ :— {C | ^ > 0}. Suppose 
dim(C") • (/i(;(C) +d-l)>0, then *^\C") G A-mod. Suppose dim(C") • 
(p^iC) + d-l) <0, then *^\C") G A-mod[-l]. 

3.3 mutations and change of stability parameters 

We set T' := A-fmod and denote by Vi^ the image of the Abelian category 
/ii^(A)-fmod under the equivalence Let V (resp. Vc;) be the category 

consisting of pairs (V, W, s), where V G V (resp, G Vi^), W is a finite dimansional 
vector space and s: Pq (E)W ^ V. An object (V, W, s) with 1-dimensional W is 
simply written {F, s). Note that V is equivalent to ^-fmod. 
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Definition 3.4. For ^ E W , we say an object {V, s) £ Vi; is {£,,'P()-(semi)stable 
if the following conditions are satisfied: 

(A) for any nonzero subobject ^ S ^ V inV^, we have 

C-dimS'(<)0, 

(B) for any proper subobject T C.V inV^ which s factors through, we have 

f ■dimr«)^-dimy. 

From now on, the C- (semi) stability for objects in P ~ A-fmod is written as 
the "(^,'P)-(semi)stabihty". We set ^cyclic ■— Mc(C)- Note that (^cyclic)/ < 
for any I G /. The following four claims follow from Corollary 13.31 by the same 
argument as in [NN|, §4.3]: 

Lemma 3.5. (see [NNl Lemma 4.2]) Let {F,s) be a {(,'P)-stable object, then 
F e Vc- 

Proposition 3.6. (see fNN', Proposition 4.3]) Let {F, s) be a (C, V)-stable object, 
then {F,s) is {^cyciic,'P^)-stable. 

Lemma 3.7. (see [NN[ Lemma 4.5]) Let {F,s) be a {S,cyc\ic,'Pc)-stable object, 
then F eV. 

Proposition 3.8. (see fNNj Proposition 4.6]) Let {F,s) be a {£,cyciic, V^)- stable 
object, then {F, s) is {(,,1^)- stable. 

Remark 3.9. (1) For a parameter C, such that > 0; can apply all 
the argument after a slight modification: first, the information in which 
chamber C + (d > 0) is contained defines the sequence ki, . . . , kr. 

We define /i^ and '5^ in the same way and denote by Vq the image of 
(/i^(j4))-fmod under the equivalence ^'^^[— 1]. 

(2) The Abelian category A-fmod and the function 

Zq^^^^.^ : K{A-iwLod) -^C 

given by 

^Cc.o,.c(v) := (1 • V) + (-Ccyclic • V)V^ 

provide a Bridgeland stability condition (Z^^^^u^, {P((/))}0gR), where P{4>) 
is the full subcategory of D^{A-imod) of semistable objects with phase (p. 
For (/i e M, let 7^(0.0+1) denote the full subcategory of objects such that all 
the factors in their Hardar-Narashimhan filtrations are in 

U p(<^')- 

(^<0'<0+l 

Then we have 

'PloA) = A-fmod, 'P[0((i),0(d)+i) = nc{A)-imod 

where <f>{d) is determined by the condition < 0((i) < 1/2 and ta.w{(j){d)'K) = 
d. This is the reason why our argument works. 
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(3) Let A ~ {Q,i^) be a quiver with a potential which is 3-dimensonal Calabi- 
Yau and does not have any cycles of length 1 or 2. For a vertex k, we can 
mutate A at k to get a new one fik (A) and we have a derived equivalence 

*fe: D\modiA)) ^ D' {inod{fikiA))) . 

Let C G M*^" be a parameter. Asseme that there exist a sequence ki, . . . ,ks 
satisfying the conditions in ^S.Sl We define the category Vq in the same 
way. Then the same statement as Provosition \S.6\ and \3.l^ hold. 

3.4 the tilting generator is a vector bundle 

In this subsection, we assume that N ■ < J2Ci for any fc 7^ 0. Let Vi (i £ I) 
be real numbers such that 

for any k E I. We denote by tt/c : ^ the permutation of the (k — l/2)-th 
and (fc — l/2)-th elements and set tt^ :— nk, o • • • o TTfc^. Note that 

By the definition of the sequence (kg), we have (/is-i(C))fcs > 0. Recall that we 
assume < 0- Thus we have 

(7r.-l(i^))fe,+ l < (8) 

Let ts :/—!■/ be the permutation such that the sequence {{T^sii^))L^{i))i^j is 
increasing and set l := i^. 

Proposition 3.10. Under the derived equivalence given in the direct sum- 
mand {fj,(^{P))k is a line bundle £^ on Y. Moreover, it is the following map that 
is associated with the arrow Hf^ : 

Proof. We prove the claim by induction. 

By the argument in the proof of Proposition 11.81 we can verify that the 
sequence 

0^0^ 0{E+) e 0{EJ) ^ 0{E+ + E-) ^ 
is exact if i < j. Thus we have 

The second half of the claim can be verified by the explicit description of the 
endomorphism algebra in the proof of Proposition 13.11 □ 

Corollary 3.11. 

ifi(y,(4)-i) = o. 
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Proof. By the argument in the proof of Proposition 13. 101 C^, is associated with 
the divisor which is described as a sum of divisors of the form + E~ {i < j). 
We can verify the claim using the description ([5]) of of a line bundle on 
Y. □ 

Proposition 3.12. The set of the torus fixed points 9Jl(;(v)"^ is isolated. 

Proof. By Corollary 13.111 we have Oy G Vq. Let Pq be the /i^ (^)-module 
corresponding to Oy- By Proposition l3.6l and Proposition l3.81 the moduli space 
9Jt^(v) parametrizes finite dimensional quotient A) -modules V of Pq with 
dim V = ^fe(v). Note that 

iPc)k^H'iY,{Ci)-') 

and the T-weight decomposition of H'^ of a line bundle on Y is multiplicity free. 
Hence the claim follows. □ 



4 Remarks 

In this section, we make some observations on how Kontsevich-Soibelman's wall- 
crossing formula (HI (they also call the formula (O by " Factorization Property" ) 
would be applied in our setting. 

First, we will review the work of Kontsevich-Soibelman ([KS') very briefly. 
The core of their work is the construction of the algebra homomorphism from 
the "motivic Hall algebra" to the "quantum torus". For an Aoo-category C, 
the motivic Hall algebra H(C) is, roughly speaking, the space of motives over 
the moduli Db(C) of all objects in C, with the product derived from the same 
diagram as the Ringel-Hall product. The quantum torus is a deformation of a 
polynomial ring described explicitely in the terms of the numerical datum of 
C. The homomorphism is given by taking, so to say, weighted Euler character- 
istics with respect to the motivic weight, where the motivic weight is defined 
using motivic Milnor fiber of the potentials coming from the Aoo-structure. The 
formula ^ is the translation of the Harder-Narashimhan property under this 
homomorphism. 

Remark 4.1. In the original Donaldson-Thomas invariants defined using sym- 
metric obstruction theory, we adapt the Behrend's function as a weight (see 
Hii.g)J . It is expected what, after taking the "quasi- classical limit" as g — > 1, the 
motivic weight would coincide with the Behrend's one. In \KSf . the proof of 
the claim for some special situations and some evidences of the claim for more 
general situations are provided. 

Now, we will explain the statement of " Factorization Property" , restricting 
to our situation. We set A := Z'^° and define the skew symmetric bilinear form 

(-,-): A X Z by 

((ei)> ifi)) Goo • /o - eo • /oo- 
Let Z E Hom(A, C) be a homomorphism such that Im(Z(A+)) > where A+ — 
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Let D^^ be a certain ring of motives including the inverting motives L~^, 
[GL(n)]~^ (n > 1) and the formal symbol L^/^, where L is the motive of the 
affine line. We have the homomorphism of rings (f>: Q{q^^^) mapping L-'^/^ 

to <7^/^. We define the quantum torus TZA,q as the Q(g^/^)-algebra generated by 
x-y (7 S A) with the relation 

For a strict sector V in the upper half plane, let Cy denote the category 
of A-modules which can be described as subsequent extensions of Z-semistable 
objects E such that Z{E) S V. Note that Cy does not change when Z moves in 
Hom(A, C) , unless the values of Z of semistable objects get close to the boundary 
dV. We define an element Ay^ e TZy.q by "weighted" counting of objects in 
Cy. Informally speaking, 



A 

_EeIsom(Cf ) 



where w{E) G is defined by the motivic Milnor fiber of the potential of the 
A(x,-algebra algebra Ext*(£', E). 




Figure 6: V 



Assume that V is decomposed into a disjoint union y = Vi U V2 in the 
clockwise order. Then the "Factorization Property" in ;KSj claims that 

^v,q — Ay-^^g ■ Ay^^^. (9) 

The key fact is, as we mentioned above, the existence of the algebra homomor- 
phism from the motivic Hall algebra to TZy.q- Although the category of perverce 
coherent systems is not Calabi-Yau, Proposition 12 . 1 1 would assure the existence 
of the algebra homomorphism in our case. We can define an element Ay in 
the motivic Hall algebra and the equation Ay^^^^ = Ay^ ■ Ay^ follows 
from the Harder-Narashimhan property. Now the element Ay ^ is the image of 
Ay jjjQ^ under the algebra homomorphism. 

Now we end up with reviewing and begin to explain how to apply ^ in our 
setting. Since we are interested in A-modules V with Voo — C, we will work on 
the quotient algebra 

^A,g 7^A,g/(a;e){e|e^>2}■ 
Consider the wall in Hom(A, C) such that e e A+ with Coo — and f e A+ 
with /oo = 1 are send on a same half line in the upper half plane. Assume 
e G A is primitive (i.e. {eijigg,, are coprime to each other) and f — e ^ A+. 
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Let Ao G A be the sublattice generated by e and f , Ik be the half line passing 
through A: • e + f and Zoo be the half line passing through e. Take and Z~ 
from the opposite side of the wall so that ^i, Z2, ■ ■ ■ , ^oo are mapped on the upper 
half plane in the clockwise (resp. anticlockwise) way by Z+ (resp. Z^). The 
"Factorization Property" claims 

aZ+ . aZ+ aZ+ _ aZ- aZ- , aZ- 

il t2 t^o too t2 I'l 

in IZ'^ ^. We denote 

X{Af::=Af:.Af:...., f[Af::^----Af;.Af;. 

k k 

Note that Af^ = Af and we denote this by Af . Then the above equation is 
described as following: 

I[Af:-At-(l[Af^:)-Af^-\ 

k \ k / 

An element A of TZ'jy ^ can be uniquely described in the following form: 

A= ^ (aeiq) ■ Xe) + Xoo ■ ^ {be{q)-Xe). 

eiCcxD— e;eoo— 

We denote ^^.^ =o(^e(g) • x,) by A^^ . Then 



9=1 



makes sense and would coincide with the generating function of virtual counting 
of the moduli spaces we study in fj^] Note that we have 

(fc • e + f,e) = 69. 
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and so 



Identify Af^ G TZ'^ with the polynomial in x^, then we have 



fe \ k / 

in TZ'^^. Now, if we can compute Af^{q'^°Xe) ■ Af^{xe)^^\^_^, we get wall- 
crossing formulas. 

Here again, observations in |KS| will help us. We put t := x^. Assume that 
we have the unique simple object E on ^oo and dim E ~ e. Let Be be the 
algebra generated by Ext^(-B, E) with relations defined from the potential We- 
Then we have 

Afjqt)=Afjt)-f{t) (10) 

where f{t) is obtained by counting pairs of cyclic _B£;-modules and their cyclic 
vectors. Applying this formula repeatedly we have 

Afjq'^H)-Afjt)-\^^ = {f{t%=,r. 

Example 4.2. (1) Assume ext^ {E , E) = 0. The algebra Be is trivial. Hence 
we have f{t)\q^i = 1 + t. This corresponds to the formula in Theorem 

(2) Assume exi^(E,E) = 1 and Be — C[z]. In this case we have — 
(1 — t)^^ . This corresponds to the formula in Theorem \2.18[ 

(3) Let us consider the wall corresponding to the imaginary root. The set of 
simple objects on this wall is {Oy \ y € Y}. By the same argument as they 
show the above equation U0\) in JIKS}/ . we would have 

Afjqt) ^ Afjt) ■ fit) 

where f{t) is obtained by counting 0-dimensional closed subscheme of Y . 
By the results of 'MNOP06 1 and [BFJ we have 

/(<)i,=i = A/(-tr(^) 

where 

oo 

M{t) := -i")-" 

ri=l 

is the MacMahon function. This provides DT-PT correspondence in our 
situation. 
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